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Measuring the spreading of a tracer dye from a point source yields information on 
diffusion in glass-sphere beds fluidized in water. Particulately fluidized beds, which are 
here formed, are well described by the statistical turbulence equations of Taylor. Miring 
parameters-eddy diflusivity, scale, and intensity of turbulence-are established. Tran- 
sition of these variables is traced from fixed beds through fluidized beds in different 
degrees of bed expansion. 

Mixing characteristics of these “ideal” types of fluidization may provide a frame of 
reference for consideration of more complex systems. 

A study of diffusion in the continuous 
phase of a pnrticulutely fluidized bed of 
particles is of interest for two reasons. 
Particuhtc fluidization is suggested to 
represent, among the various possible 
rpodes of fluidization behavior, the smooth- 
est or most “ideal” type. Knowledge gained 
about mechanisms of mixing through 
diffusional studies in this kind of system 
therefore may provide a frame of reference 
for consideration of more complex types of 
fluidization, such as are encountered in 
fluid-powder technology. Particulately fluid- 
ized beds are of interest also because thcy 
furnish an experimental illustration of 
aspects of the statistical formulation of 
diffusion in a turbulent field, proposed by 
Taylor (14) in 1921. 

In particulate fluidization, individual 
particles have random motion and appear 
to be uniformly dispersed. There is little 
correlation between the fluctuating motions 
of adjacent particles. A counterpart is 
suggested in thc molecular motions of an 
ideal gas. Particulate fluidization is achieved 
in high-density fluids with small density 
diffcrence between particle and fluid, as in 
glass beids suspended in a rising stream of 
water. 

Turbulence theory has been applied to 
various physical arrangements, commonly 
with the assumptions of homogeneity, i.e., 
independence of the translation of reference 
coordinates and isotropy, or independence of 
the rotation of the coordinates. An impor- 
tant application has bcen to steady-state 
turbulence in the central portion of a tube or 
duct for which a relatively flat velocity pro- 
file may be assumed. Thc decay of turbu- 
lence produced by flow through a stationary 
grid also has been a major topic of theo- 
retical and experimental investigation. The 
effect on lateral diffusion of the prescnce of 
a fixed bed of particles in a fluid stream 
has been reported (2, 12). A fluidized bed, 
in turn, may be considered a transition 
system between unpacked and packed 
ducte. This is an arrangement for generating 
eteady-state, fluid-phase turbulence through 
the presence of randomly spaced and ran- 
domly moving particles. The particle- 
population density is capable of being 
varied between the limits of a packed bed 
and of a duct in which the fluid stream is 
devoid of particles. 

This paper sets forth particulate fluidiza- 
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tion as an cxamplc of a turbulent system 
arid cst:iblishes parameters such as eddy 
diffusivity, scale, and intensity of turbu- 
lcncc. The papcr is based upon studies 
(5, I d )  which may be consulted for details 
bcyond those hcre presented. 

THEORY 

A turbulent field usually is considered 
to be a distribution of eddies ranging in  
size from dimensions tha t  are  too small 
to be measured to the dimensions of the 
container. Eddies are continually forming 
and disappearing within the field. Hence 
there exists a random motion of large 
masses of material, which is responsible 
for turbulent diffusion. Large-scale mixing 
results from the movement of larger 
eddies, whereas the small eddies are 
responsible for fine-grained mixing. This 
paper is concerned with averaged prop- 
erties resulting from gross mixing. 

It is instructive to compare molecular- 
and turbulent-diffusional processes be- 
tween which two elements of dissimilarity 
have been noted. I n  molecular diffusion, 
experimental distances are large com- 
pared with the  molecular mean frec path. 
In turbulent diffusion such simplification 
may not be counted on. Experimental 
measurements can well be made within 
a turbulent “mean free path” or scale. 
As a result, for diffusion from a fixed- 
point source, the size of the  turbulent- 
diffusion coefficient (F/2t) is found to  
depend upon the time of diffusion, 
reaching constancy only after a long time 
interval has elapsed in a given experiment. 
A second difference between molecular 
and turbulent diffusion relates to the  
elementary mechanism steps. The  former 
may be represented as consisting of 
discrete motions of single particles. By 
contrast, turbulent diffusion must be 
thought to involve continuous variation 
of properties because masses of material 
move about and continuously change 
their identity. These elements of differ- 
ence were recognized by Taylor (14) and 
were given quantitative expression in his 
equation for turbulent diffusion. Con- 
firmation of Taylor’s formulation rests 
upon a limited number of experimental 
investigations to date: behind a grid in a 
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wind tunncl (15, 18, 19), in a circular 
duct  (16), and in a channel (S, 9). 

To serve in interpreting diffusion meas- 
urements in the continuous I)hnse of a 
fluidized mass of particles, Taylor’s 
equations and other pertinent theoretical 
background tire sunimarized hcrewith. 

A fixed-point source located at z = 0 
in a homogeneous isotropic turbulent 
field is assumed.* Assumed also is the 
z component of motion of :I diffusing 
particle .of fluid. If the velocity compo- 
nent in this direction is 11, the  tlisplace- 
ment of a single particle after :I time t is 

“ 1  

Because of the random nature of tur- 
bulent motion a plus or minus value for 
X is equally probable. Therefore, aver- 
- aged for a large number of particles, 
x = 0. However, if the  value X 2  be 
- averagcd, a finite value will result, 
xz # 0. x’ will be a measure of the 
spread whicli may be expected in a 
given diffusion tiEe. 

The  quantity x2 may be expressed as 
a function of the diffusional dispersion 
time, t ,  the  root-mean-Aquare fluctuating- 
velocity component, u2, and 3 correla- 
tion coefficient, 

The  covariance represents the 
average for a large number of pnrticles 
of the product of the velocity of n particle 
at time tl and its velocity after a time, 
s = tl  - t, .  For very large values of s 
there is no correlation between u t ,  and, 
uf , ;  i.c., the  product can be plus as often 
as minus ut,ut ,  = 0. For the case of a 
small s, the motion of the particle at 
time tl  will resemble motion at t f .  If uf, 
is negative, then i t  is probable that  uf, 
will be negative. Likewise if ut,  is positive, 
i t  is probable t h a t  ut,  will be positive. 
Therefore, i t  is likely tha t  ut;ut,  will 
be positive for a large number of particles; 
uf,ut, = positive value. 

G. I. Taylor was the first to use these 
concepts to describe diffusion from a 
fixed-point source in  a homogeneous 
isotropic field. Kltmpe de  Ferict (4, 10) 
has also considered this problem, and the 

__ - 

- .- 

*In the preaent work diffusion measurements were 
performed only in two dimensions and generally 
under such conditions that diflusion in the third 
dimemion may be neglectod. Present work hss 
therefore been proved to be isotropic in two dimen- 
sions. Iaotro y in three dimensious is aseumed in 
the present &velopment. 
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Fig. 1. Typical form of Taylor-de Feriet 
correlation R(s)  for turbulent-velocity fluc- 

tuations at time intervals, s. 

expression for F, derived by the latter 
author, is presented below: 

uI,uI, = m f 2 ,  t J  
If the field is steady, i.c., is a 
function only of t2 - tl and not of t2 or tl, 
then 
- -  - 
UI,Ut,  = u2R(t,  - t , )  = u2R(s) 
- 
X2 = 1' I' ~ R ( s )  dt ,  dt, 

Since R(s) is an even function, 

- x2 = 2 s,' ( t  - S ) Z R ( S )  ds (2) 

Because of the nature of the turbulent 
field, R(s) will vary continuously from 
1 to 0 as s varies from 0 to in a form 
- similar to that shown in Figure 1. The 
XZ vs. t curve has a form depicted in 
Figure 2. The behavior of the Taylor- 
de Feriet equation in the limits may be 
obtained by integration. Fo r t  very small, 
t+ 0, R. + 1: 

For t very large: 

X 2  = 2u" 1' tR(s) ds  
- - 

- 
- 2u2 l' sR(s) ds (4) 

/ R(s) d s 4  const.. = r = j0 R(s) ds 
0 

sR(s) ds+ const. = 1, sR(s) ds 

since R(s)  approaches zero in an expo- 
nential manner for large t ,  

x2 = 2 2 T t  - 2Z(c(const.) (5) 
For the calculation of the root-mean- 

square displacement x5 at intermediate 
times, the dependence of R upon the time 
interval s must be known. It is convenient 
to assume the exponential relation 

R(s) = e-'I' (6) 
in which T is a constant which is a prop- 
erty of the field and may be looked upon 
as the average lifetime of eddies respon- 
sible for diffusion. TurbulenMit'fusion 
studies by Kalinske and Pien (9) are 
satisfactorily approximated by this rela- 
tion, as are also thc results of the present 
work. 

The integrals in Equation (4) may now 
be evaluated as follows: 

r m  r m  jo  R(s) ds = lo e-"' ds = r (7) 

lm sR(s) ds = 

Equation (4) thus becomes 

se-"' ds = r2 (8) 

_. - - x2 = 2U2Tt - 2U2T2 
As shown in Figure 2, the intercept. of this 
relation on the t axis occurs at t = 7.  

Employing Equation (6) E e  may 
write a genoral expression for x2: 

(9) 

- -  
Therefore x2/2&2 is a unique function 
of t/7. Kalinske and Pien (9) correlated 
diffusion data by means of these variables. 

HOMOGENEOUS ISOTROPIC SYSTEMS 
INVOLVING TURBULENT DIFFUSION 

The variation of xz with time for 
molecular diffusion from a fixed point has 
been shown by Einstein ($) to be 

-_ 
X 2  
- = D = corlstalt (11) 21 

where D = molecular diffusivity. Systems 
involving molecular diffusion may be 
described by the Fick's IRW differential 
equation using appropriate boundary 
conditions: 

= V . ( D V C )  (12) at 
The use of this equation implicitly in- 
volves the assumption that the diffusion 
characteristics of particles contained in 
a differential volume are independent of 
their previous history, i.e., the length of 
time they have been in the field. This 
independence is not encountered in tur- 
bulent diffusion, i.e., x 2 / 2 t  is a function 
of time. Therefore Fick's law may not 
be used to describe the diffusion of par- 
ticles which have been in the field for 
different lengths of time. The description 
of turbulent systems must be accom- 
plished by defining the diffusion behavior 
of a single source or sink of heat or mass 

Fig. 2. Relation between for diffusion 
from a point source with time when the 
correlation for turbulent-velocity fluctua- 

tions is approximated by R(s) = e-a/r 

and then representing the system aa 
consisting of a number of distributed 
sources and sinks. 

Batchelor (1) and IIanratty (6) have 
shown that Equation (12) with a diffusion 
coefficient which varies with time can be 
used to describe the behavior of a single 
instantaneous source or sink 

(13) 
ac - at = +(t)V'C 

provided that (1) the diffusion coefficient 
be defined as 

- 

(14 
1 d X 2  

+(t) = - - 
2 dt 

and (2) the distribution describing 3 be 
Gaussian: 

1 P d x d y d z  = -- 

.exp [----I " + y 2  + 22 dx dy dz (15) 

( 2nX2)"2 

2 x 2  

P dz dy dz = probability of finding a 
particle between x and x + dx, y and 
y + dy, z and z + dz. 

For the description of the experiments 
described in this paper it is convenient 
to consider the solution to Equation (13) 
for a cylindrical polar-coordinate system 
for radial symmetry for the case in which 
diffusion in the z direction is important 
and also for the case in which it is negli- 
gible. The equations to be solved are 
then as follows: 

a2C 
aC 
- at = +(O[;l;. + 7 %  + 3 (16) 

ac 
- = +(t)  - + - -1 (17) at 

1 ac: 
r dr 
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If N units of material, or N units per unit 
length for the two-dimensional caae, 
emitted into the field a t  zero time from 
a position r = 0, z = 0, are considered, 
the solutions of Equations (16) and (17) 
for boundary conditions 

t > O  

C + O  as r + m  

c+o us z + m  
are respectively longitudinal diffusion 
important: 

negligible longitudinal diffusion: 

(19) 
When the diffusing time is long enough 
80 that material reaches the container 
walls, the boundary conditions become 
for t  > 0 

z =  + m  c = C A  

z =  - - c o  c = o  
- =  0 ar r = a  

The solutions of Equations (16) and (17) 
are then longitudinal diffusion important: 

longitudinal diffusion unimportant: 

where Pn is defined by the equation below: 

J l ( P & )  = 0 (23) 
The validity of the preceding four solu- 
tions [Equations (18) to (21)] can be 
seen by substituting back into Equations 
(16) and (17). These solutions are identical 
with those that would be obtained by 
solving Equation (12) if i t  is assumed 
that D = constant if one substitutes in 
the final expression 

Dt = J, 4 d t  

Hence a turbulent diffusivity, E,  anal- 
ogous to D may be defined as 

-- It 
Fig. 3 Graph show- 
ing that eddy diffu- 
sivity varies with 
time of diffusion in 
a turbulent field 

and ultimately 
reaches a constant 

value. 

- 

4 d t  = X2 - (24) 2t 

Unlike molecular diffusion from a fixed- 
point source, E will vary with time. If 
Equation (2) is used, an expression may 
be written for E for a homogeneous 
isotropic field: 

If Equation (6) is valid the foregoing 
expression may be integrated to yield 

This function is plotted in Figure 3. Only 
for large times of diffusion does E level 
out to a constant value. 

TURBULENT FLOW SYSTEM INVOLVING DIF- 
FUSION FROM A CONTINUOUS SOURCE 

Theory presented up to this point has 
been for isotropic, homogeneous turbu- 
lence, conditions which a t  best can be 
only approximated. Flow in ducts, for 
example, may deviate from ideal con- 
ditions because of the effect of walls on 
the flow profile and on turbulence 
isotropy and homogeneity. Even if a 
uniform flow existed, the condition of 
isotropy might not be satisfied as diffu- 
sion in the direction of flow might be 
different from that in other directions. 
If turbulence is caused by a grid, there 
will be a continuous state of decay of 
the turbulence in the stream. The experi- 
mental system used in this research 
consisted of diffusion from a continuous 
source of material located in the center 
of a "particulate" fluid bed through which 
fluid is flowing in the z direction. The 
fluid velocity is substantially uniform in 
the cross section of the container, and, 
although there must necessarily be a 
decay of turbulence, continuous concur- 
rent replenishment proceeds from the 
suspended particles. It has been assumed 
therefore that the field may be considered 
homogeneous and isotropic in the radial 
direction. Turbulence is probably not the 
same in the r as in the z direction. 

I I I I I I I 
6 C I6 10 I2 I4 I6 

v7 

The equations developed in the theory 
section may be used if the system is 
represented as a number of instantaneous 
sources which are carried downstream 
with the fluid. Each one of these sources 
will spread out equally in all directions 
and thus consists of a spherical cloud 
of the material which increases in radius 
as it is transported downstream. The 
case in which longitudinal diffusion is 
neglected is represented by a number of 
sources which spread out only in the 
radial direction and therefore is repre- 
sented by a series of expanding disks. 

At r = 0 and at a distance z' from the 
injection point is a source which has been 
in the ficld a time t = z'/U. The concen- 
tration profile in a cross section at a given 
value of z will result from contributions 
of sourccs that have been in the field for 
times ranging from O to a. When 
longitudinal diffusion is neglected, only 
a source which has been in the field a 
time t = z / U  will contribute to the 
concentration profile at a longitudinal 
distance z from the injector. 

Equations (18) and (20) may be used 
to describe the contribution of a single 
source if the quantity (Ut  - z)  is sub- 
stituted for z. The sum of the effect of all 
the sources is obtained in the following 
manner: 

wall effect unimportant: 

wall effects important: 

Q = rate of flow of material from the 
injector 

Equations (19) and (21) may be used 
to describe a continuous source by 
substituting t = z/U.  
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wall effects unimportant: 

C =  N 
( 2 4  K'" '& dtl 

'WATER 
OUTLET 

WATER 
INLET 

f 2 I 

SUPPORT - - -  - - -  J' G R I D  

y C A L M I N C  
SECTION 

WATER 
I N L E T  

. exp {- ' ) (28) 
2 la'" a dt 

wall effects important: 

CENTERLINE 
SAMPLE PROBE 

Equation (28) is the Gaussian error curve. 

EXPERIMENTAL 

As noted above, turbulent diffusion may 
be characterized by two of the following 
parameters: an asymptotic value of E, an 
intensity G/U, and a scale factor T. 

The measure of spread of a tracer material 
from a fixed-point source into the turbulent 
field (as determined in the present work) 
served as a convenient technique for finding 
these properties. The particulately fluidized 
bed here used consisted of uniformly sized 
spherical glass beads suspended in an 
upward stream of water flowing in a 5.4-cm. 
tube. The size of bead, 3 mm. in diameter, 
was rarefully chosen to give a representa- 
tive "ideal" system, i.e2 one that is de- 
scribed by a Taylor Xa VB. t function. 
When glass beads of smaller size were 
employed, the scale of turbulence was 
found to be very small, leading to precision 
difficulties in measuring this relation. 
Larger glass spheres were not used because 
of possible wall effects with large particle- 
to-tubediameter ratios. Heavier particles 
of lead 3-mm. spheres lead to "nonideat 
behavior (6), in which the Taylor X2 
function does not hold, a system which is 
not included in the present discussion. 

Fluidized glass beads are in random 
motion which from observation appears to  
lack strong correlation in the motion of 
neighboring particles except for an over-all 
net movement up one side of the tube and 

Fig. 5. Computed 
relationships b e  
tween and 
center-line com- 
positions ( C / C A )  

at m e r e n t  coordi- 
nate distances 
between source 

and sampling taps. 
F is a measure of 

tracer spreading 
under the condi- 

and the hypothet- 
ical condition of no 

containing walls 
and zero fluid 

velocity. 

tionof UA,,/U = 1 

I I I I I I 

10 1 1  1.4 1.6 18 2.0 2.2 2.4 
1.4 I 
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down the other, an action which is slow 
compared with movements of individual 
particles relative to each other. Diffusion 
measurements were restricted to the central 
section of the tube, away from the upper 
and lower ends, a t  which there is lateral 
motion of particles. 

Apparatus 

The equipment was substantially that 
used by Bernard and Wilhelm (8) and 
Latinen (14). A line sketch is shown in 
Figure 4. Features of the design are as 
follows: 

The column was a Lucite tube 5.40 cm. 
I.D., 25.1 cm. long. hlethylene blue dye, 
concentration 4 g./l,OOO ml. of water, was 
admitted to the fluidized bed of particles 
from a centrally located stainless tube 
entering from the bottom. The tracer-tube 
position could be varied vertically from a 
position flush with the support plate to an 
elevation of 9.2 cm. from the plate. The 
tracer tubc was 1/16 in. I.D., W in. O.D., 
and was tapered to 3/32 in. at the point of 
injection. Dye was introduced from a 
storage tank pressurized with nitrogen. 

The main water stream was pumped to a 
distributor and thence .through eight 
equally spaced radial arms to a turret a t  the 
base of the column. This design ensured a 
symmetrical feed to the column. 

A calming section preceded the column 
proper to ensure a uniform-flow profile and 
to break up any large-scale eddies which 
might have formed. The calming section 
consisted of a 12 in. length of piping packed 
with 1-mm. glass spheres. 

The support plate for the bed was a grid 
made by milling 0.020-in. grooves 0.020 in. 
apart into each face of a 1.6-in. brass disk. 
The two series of grooves were a t  right 
angles to one another so that the net effect 
was of a plate having uniformly sized and 
spaced 0.020-in. square holes. The plate 
was covered with a fine-mesh screen to 
prevent small particles from being jammed 
in the openings. 

Water flow rates were measured by means 
of rotameters, and the tracerdye flow rate 
was determined from the known water 
flow rate and the average concentration in 
the column effluent. The temperature of 
the water was measured. 

Two types of sampling traverses were 
made, radial and center line. The radial' 
sampling probe consisted of a horizontal 
leg of %-in. stainlesp steel tubing which 
entered at a position about 10 cm. above the 
top level of the fluid bed. A length of similar 
tubing with a %in. piece of 3164-in. hypo- 
dermic tubing soldered into the end con- 
stituted the vertical segment. By us* 
probes having vertical legs of different 
length, one could vary the longitudinal 
position of the traverse. 

The center-line probe consisted of a 
length of %-in. stainless s e l  tubing which 
was tapered to  an outside diameter of 
3/32 in. a t  the sampling position. It entered 
through the top of the column and was 
held in a central position by three 1/164n.- 
diam. brass rods which were soldered to the 
probe a t  a position 2% in. from its tip. A 
vernier was etched on the surface of the 
tubing so that its position might be deter- 
mined directly. 

Probe samples were analyzed with a 
Fisher eleetrophotometer having a red 
filter. 
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Procedure 

Data may be obtained over a raugc of 
fluidized-bed properties depending on the 

These equations may be rewritten in the 
following form: 

Since C/CA is negligible at the wall 

flow rates, bed heights, and fractions void. 
In all runs except two, a constant bed 
height of 20.3 cm. was maintained. Frac- 
tions void ;ind flow rates were varied by 
changing the amount of solids in the bed. 

The operating procedure w:is as follows. 
After the lines were Hushed, water was 
admitted to t.he column which contained 
a known weight of spheres. The bed was -i = (I-) '$ esp {-- ..) 
initial flushing of lines, the dye rate WLIS 

that of the surrounding water stream. 
Time-avfwge tracer snmplcs were secured 
by n slow, uniform withdr:rwal over a 

determined that, sample (*ompositions do average fluid velocity in  the bed t o  the  
not depend upon withdraw:il rtttcs at these velocity of the diffusing material. Thus (C/C~")o = (-c-) 
low withdrawal velocities. if the field were such tha t  the fluid 

velocity were larger in the center than in 
other portions and if diffusion measure- 
ments were made only in this region then 

Two types of data  were obtained: radial ( ~ A v G / ~ )  would be less than unity. 'rherefore, __ for cases in which 
The  parameter UAvc/U can be evaluated 
directly from a concentration profile for 
cases in which longitudinal diffusion is 
negligible tl~rough the relation 

C -- 

integration of the equation for CICr 
results in Equation (33). 

Relations for center-line concentrations 
can be obtained from Equations (31) and 
(32) by setting r = 0: 

wall reflections unimportant: 

. esp { - &} (3 I) 

UA Y O  p,2 -: c 
expanded to t.he st.andurd height. After an C A  2 

adjusted to :L velocity slight.ly less than . -- J " ( T A )  (32) 
-JO%&) 

wall reflections important: 
period r:inging from 1% to 2% mirl. I t  was The term u A V O / 7 j  is the ratio of the 

[;,4 V G  " I  mca) 
p 2 . - ~  

. csp { - -;- P} (35) 
REDUCTION OF DATA 

~ J A v G / ~  is 
known, Xz may be Obtained as function 
Of from traverses provided 
Equations (31) and (32) are "lid in 
describing radial-concentration profiles. 
This is shown t o  be true for distances far 
from the  source. Close to the source 
Equation (31) does not describe the 

The v:llidity of this equation Can be entire profile, owing to longitudinal 
proved by considering the case in which diffusion. However, the effects of longi- 
C / C A  is negligible at  the wall: tudinal diffusion are confined to the outer 

regions and Equation (31) may still be 
used to  calculate the center-line concen- 
trations. Frenkiel (5) has calculated con- 
centration profiles for the asymptotic 

traverses in a plane at a fixed longitudinal 
distance from the plane of the source 
and center-line traverses. I tadhl  traverses 
were measured to examine the validity 
of the equations developed in preceding 
sections of this paper and to  obtain in- 
formation about the nature of the  dis- 
trillution describing x'. 

rn order to evuluatc 
intensity ~ ; S / U  and scale 7, i t  is neces- 
sary to obtain theX%vs.  trelation that  one 
of the single instantaneous sources would 
possess under the  hypothetical condition 

Experimentally the relationship is con- 
veniently obtained from the longitudinal 
traverse. 

The experiments described in this paper 
were such that diffusion in the flow direc- 
tion could not be measured. Therefore 
the equations developed for a two- 
dimensional source were used in examin- 
ing the data. Throughout most of the 
field concentration gradients in  the flow 
direction were much smaller than in  the 
radial direction and the foregoing simplifi- 
cation was a valid one. However, close 
to the source this is not true and longi- 
tudinal diffusion will affect the measured 
Concentration profiles. 

The amount of material flowing from 
the injector per unit time may be calcu- 

tion of the column efluent, CA, and the a 
average velocity over the tube cross 5 
section within the fluidized bed. 

- 
(33) L'A VC! I ;  = c,/CA 

Of zero *Ow and no 'Onfining boundaries* Substituting from 1:quution (31) for case of t -+ 0 and R(s)  + 1. These show 
c/cA gives 

__ 
C/C A -  - a' 

, - . - r i - -  

0 4 0 -  

lated from the mixed average concentra- 0.30 - 

v 

?* 0 . m -  - 

0 = CAxa' V G  (30) 
The flux of diffusing material at any  
point in the tube is UC where U is the 
velocity of the fluid at that  point. T h e  
quantity UC/(T~~UA~(;CA)(~X~ dr) then 
represents t.he probability of finding a 
particle of the diffusing material in the 
diffcrential area 2xr dr. In terms of the  
noinenclatiire used in Rquations (28) 
and (29) this is equal to  (C/:\')27rr dr. 

Page 376 

- 

' ( 1  - 
0 1 4  b 0 I 0 1 2 1 4  0 1 2  J 4 3 b 

2 (CMS.) 2 ( C W S )  

Fig. 6. Empty-tube data. vs. z a n d d F  - 0.0016 vs. z .  

A.1.Ch.E. Journal September, 1956 



that for small intensities, dz/U, 
Equation (31) is valid. As the intensity 
approaches a value of about 0.1, however, 
the concentration profile digresses from 
the Gaussian distribution a t  large values 
of T .  As the intensity increases, this effect 
extends itself to smaller T .  However, the 
concentration at r = 0 is not affected 
until the intensity reaches a value larger 
than 0.5. 

and (C/C,& as 
calculated from Equations (34) and (38) 
for the case of UAvG/U = 1 are presented 
in Figure 5. It can be seen from this graph 
that reflections of tracer substance from 
the wall do not affect these calculations 
until C,/CA a t  the tube center drops to  a 
value of about 2.2. Values of x5 obtained 
from this graph are not the actual mean 
square displacement of the material at 
the level under consideration but are 
values describing the spread under the 
hypothetical condition of no confining 
walls arid mean velocity of zero. The 
mean square displacement so computed 
may be used directly to secure turbulence 
parameters of interest. 

The relation between 

Limiting Value of E 
With Equations (5)  and (24), corrected 

__ for flow, applied to the limiting slope of 
X vs. z at large values of z, the slope is 
shown to be the limiting value of E/U.  
Since this equals U ~ ( d z / U ) z ,  evalua- 
tion of the scale T or the intensity f l /u 
will completely define the system, pro- 
vided that U of the tracer is the same as 
the mixed average fluid velocity, i.e., 
U = UAvG, or that U / U A , G  is known. 

Intensity, G/u 
.ipplication of Equation (3) in a flow 

system to the initial slope of a n d z  vs. t 
curve results in a slope with a numerical 
value of the intensity. Extraction of 
turbulence intensity by this route presents 
difficulties because (1) the source is finite 
and therefore at z = 0, x5 # 0 and (2) 
it  is not possible to make nieasurements 
very close to the source without altering 
the system between the injector and 
sampling probe. 

In order to estimate the effect of the 
initial displacement of tracer due to the 
finite source, the data were treated in thc 
relationship d F  - vs. z. is the 
initial displacement a t  the source, which 
may be derived as follows: 

j(2 = x,2 + y,2 = 2X,' 

__ 
RO2 = 

Jt r22nr tlr - b2 
r b 2  2 

- - 

For the tracer tube used, z% has a value 
of'0.0016 sq. cm. 

The var iab ledXs - should extra- 
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Fig. 7. Typical fluidized-bed data showing the effect of selecting values for Xo2 in the 
ordinate, d - D .  
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R A D I A L  POSITION ( C M s )  

Fig. 8. Typical Gaussian distribution of 
tracer substance in particulately fluidized 
bed at substantial distance from source. 
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Fig. 9. Typical distribution of tracer sub- 
stance in a particulately fluidized bed at a 
level close to the source, showing deviation 
from a Gaussian distribution at the larger 

radial positions. 

, 
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Fig. 10. Typical vs. z curves obtained from axial traverses of tracer Composition. 
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Fig. 11. % vs. 1 for 3.4-mm. glass beads 
fluidized in water at = 0.80; experimental 
points determined by full radial traverses at 

different z positions. 
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Fig. 12. vs. t for 1.8-mm. glass beads 
fluidized in water at e = 0.90; experimental 
points determined through full radial @a- 

verses at different z positions. 

0 1 4 6 - e I O  

INJKCTOR DISTANCE FROH BOTTOH (CfjS: 

Fig. 13. Asymptotic values of E/U related to 
the distance of the tracer injeetor from the 

grid-bed support. 

polate to a value of zero at  z = 0 a8 a 
gross test of the relationship. Data from 
empty-tube measurements (Figure 6) 
conform quite well when x?, is taken at 
the aforementioned value. However, in 
the case of all fluidization runs with glass 
spheres the value of 3% had to be ad- 
justed to an empirical value of 0.012 
sq. cm. This single value sufficed for all 
fluidization experiments (Figure 7). It 
would appear that the effective diameter 
of the injector during fluidization is 
approximately three times the internal 
diameter of the tube. It is possible that 
collisions of particles with the injector 
tip serve to spread the emerging dye 
stream. 

Scale, 7 

The most convenient route to the scale 
is first to assume the function R(s) = 
exp ( - s / T ) ,  which validates Equation 
(9). When this equation for the limiting 
asymptote of t h e p  vs. t curve is rewritten 
in the form below, 

2 2 2  (36) 

i t  can be seen that the scale T can be 
evaluated from the intercept on the z 
axis, 20. 

A judgment of the validity of the assump- 
tions may be'achieved through co_m_pari- 
son of the complete experimental xz vs. 
curve, especially in the curvilinear section, 
with the same complete function [Equa- 
tion (lo)] computed from the assumed 
relation for R.  An alternative procedure 
to evaluate ~ ( 9 ,  14, 16) involves double 
differentiation of xs vs. t data in the 
nonlinear section, where R > 0. Because 
of questionable precision, this latter 
method was not chosen in the present 
work. 

RESULTS 

Experiments were conducted over the 
gross linear velocity range from 4 to 26 
cm./sec. encompassing fractions void 
between 0.47 and 0.93. 

Typical radial-concentration profiles 
are shown in Figures 8 and 9. Individual 
experimental points are used twice, as 
original points and 98 reflected points on 
the other lobe of the curve. At substantial 
distances from the source (Figure 8) 
diffusion is described by a Gaussian type 
of curve [Equation (31)]. However, close 
to the source, as in Figure 9, profiles 
diverge from a Gaussian distribution at 
large values of 7,  probably because of 
longitudinal diffusion. Application of 
Equation (26) gives a similar divergence. 
As shown in Figure 9, however, the data 
diverge much more than would be pre- 
dicted by Equation (26). This could be 
due to nonhomogeneities in the field 
caused by the presence of the injector or 
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to the noniaotropic nature of the field. 
Equation (26) assumes that diffusion in 
the direction of mean flow is the same as 
in the radial direction. This assumption, 
as was pointed out in the theory section, 
is probably not true. A similar divergence 
between experimental and predicted 
results on the basis of a homogeneous 
isotropic field was obtained by Hime 
and van der Hegge ( 7 )  on the spread of 
heat in a gas stream close to the source. 

Values of UAv,/U were determined 
through the use of Equation (33) applied 
to radial-concentration profiles. The re- 
sults, presented in Table 1, indicate that 

TABLE 1. SUMMARY OF uAIr ( i /cT  VALUES 
FROM RADIAL TRAVERSES 

U cm./scc. t cm. 
1 . 0  16.0 0.737 1 . 4  
1 0 16.0 0.737 1 . 9  
0 . 7  16.0 0.737 0.95 
1.0 16.0 0.737 10.8 
0 . 7  16.9 0.816 1 . 5  
0 . 8  16.9 0.816 3 . 0  
1.1 16.9 0.816 6 . 0  
1 .o  16.9 0.810 8 . 0  
0 . 9  23.6 0 914 1 . 4  

u,vo c', 2, 

UAv./U 1 a t  all levels in the tube. 
Fluid velocity is apparently quite uni- 
formly distributed in the tube. It should 
be noted that calculation of the ratio is 
highly sensitive to a displacement of the 
center of the concentration traverse from 
the center of the tube. 
x2 vs. z curves were determined, in the 

main, from center-line traverses, a 
typical set being illustrated in Figure 10. 
Figures 11 and 12 present simiIar data, 
but plotted against time rather than 
distance. This particular pair of curves 
was determined from full radial traverses 
at each z level, Figure 11 being for 
fluidization of 3.4-mm. glass beads and 
Figure 12 for 1.8-mm. beads, the former 
being at a void fraction of 0.80 and the 
latter, 0.90. Notable was the high visual 
uniformity of the bed with the smaller 
particles and the relatively small and 
scale as indicated in Figure 12. 

End effects are depicted in Figure 13, 
which presents asymptotic values of 
E / U  (at large spacings between injector 
and sampling tubes) as a function of the 
distn-nre of the injector from the bottom 
grid plate. A uniform field is not obtained 
until the injector is placed about 2.5 
cm. from the support plate. In all axial 
traverses, therefore, the injector was 
placed a t  the safe distance of 4.6 cm. 
from the bottom. Taking traverse data 
in the upper few centimeters of the 
fluidizedbed was also avoided. 

All x2 vs. z results in this work are 
correlated in Figure 14 by the dimension- 
less variables xz/2(E/U),.,.zO and z/zo. 
These variables are derived by a combina- 
tion of Equations (9), (lo), and (24). 
Clearly, the type of relation predicted by 

-- 
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Taylor for homogeneous, isotropic tur- 
bulence is achieved in a particulately 
fluidized bed. 

A comparison is afforded in Figure 15 
to show the closely similar characteristics 
of turbulence in the present water-flui- 
d i d  beds and turbulence aa measured in 
an open channel by Kalinske and Pien 
(9). The "calculated curve" is computed 
by means of Equation (10) and repre- 
sents the form of the correlation function 
R aa given in Equation (6). It appears 
that this function may be considered only 
as a convenient first approximation to 
a correlation function that completely 
expresses fluid-bed turbulence propertiea. 

Turbulence intensities were computed 
from center-line traverses by two alter- 
nate methods. The first method involved 
determination of the time scale r through 
the intercept of x' vs. z curves and com- 

- d - - - I I I I I1111 I I I I I1111 I I I I  

I I 

5t 

21% 

Fig. 14. Generalized plot of al l  3-mm. glass- 
beadIfluidization data, X1/2(E/U)zo vs. z/zo. 

putation of G / U  from Equations (36), 
(13), and (17) as discussed under Reduc- 
tion of Data. The second method secured 
the intensity from the initial slope of a 
dF - vs. z plot. Figure 7 gives a 
typical plot of the latter function and 
illustrates the effect of choosing different 
values of xz, the value of 0.0016 stem- 
ming directly from the dimensions of the 
injector tip, the value of 0.012 being an 
empirically chosen value such that the 
function passes through the origin. 
Table 2 presents a comparison of inten- 
sities computed by the two methods. The 
agreement between the two is considered 
satisfactory. 

FLUID-BED PROPERTIES 

The mixing properties of a fluidized 
bed are observed to vary in an interesting 

z/zo 

Fig. 15. Generalized plot of fluidization and 
channel-flow turbulent spreading of tracer 
substance. A calculated curve also is pre- 
sented, based upon the form of the correla- 

tion function, R(s) = erp (-s/~). 

I I I I I I I I I  I 1 I I11111 I 1 I I  

I 
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manner as, with increasing fluid velocity, 
the particle population is varied over the 
full possible range, from a fixed bed to a 
tube containing no particles. The mixing 
properties include the Peclet number, 
D, U / ( E  I .O. )  , .t u r b u 1 en  ce  in  t e n s i t y, 
<?/U, a measure of the life of a tpr- 
bulent eddy, i, and a length, I, represent- 
ing the scale of turbulence. The latter 
variable is defined through the equation 

El.". = Id2 (38) 

TABLE 2. COMPARISON OF TURBULENCE IN- 
TENSITIES CALCULATED BY INTERCEPT 
OF 3 vs. z CURVE AND BY THE INITIAL 
s ~ P E  Or THE d m  vs. z c L ~ R ~  

V G i E  
e 

0.93 
0.90 
0.89 
0.88 
0.85 
0.77 
0.74 
0.71 
0.69 
0.65 
0.61 
0.57 
0.54 
0.47 
0.82 
0.82 
0.82 
0.82 

Intercept 
0.14 
0.15 
0.16 
0.16 
0.16 
0.19 
0.20 
0.19 
0.23 
0.24 
0.32 
0.28 
0.23 
0.30 
0.17 
0.19 
0.16 
0.18 

Initial slope 
0.16 
0.15 
0.17 
0.17 
0.15 
0.18 
0.19 
0.18 
0.18 
0.25 
0.25 
0.22 
0.21 
0.23 
0.19 
0.21 
0.19 
0.18 

PECLET NUMBER DURING FLUIDIZATION 

The change of the Peclet group during 
fluidization as fluid velocity (Reynolds 
number) is increased and as the particle 
population simultaneously is decreased 
is shown in Figure 16 for three different 
sizes ot particles. A minimum Peclet 
number (maximum E )  is found for each 
particle size to correspond to a fraction 
void of about 0.70. Mixing in a packed 
bed was found (1.2) to be explainable in 
terms of a random-walk model, and it is 
suggested that a dense fluidized bed 
retains elements of this mechanism. The 
distance a fluid element must side step 
in order to pass around a particle increases 
as the bed is expanded. Eventually, at a 
fraction void of 0.70, a fluid element may 
begin to flow past solid particles without 
the necessity at each level of flowing 
laterally in order to evade a particle. 
Beyond the critical fraction void, in 
dilute beds, the turbulence is particle 
generated and the eddy diffusivity then 
is a direct function of particle population, 
leading to an increase in Pe as Re is 
increased (and the population is thereby 
decreased between the tracer source and 
sample probe). 

The manner in which the limits of a 
fluid bed are approached in the case of 
3-mm. beads when the Peclet number is 
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rRACTlON SOLIOS (1-C) 

Fig. 17. Peclet-number variation with frac- 
tion solids during expansion of fluid bed of 
3-mm. particles in water between the limits 

of an empty tube and a fixed bed. 

related t o  fractions solid is shown in 
Figure 17. T h e  Peclet number for a 
fixed bed was determined in a separate 
tracer-diffusion study (12). 

Consistent with the model presented 
above for variation of Pe, the scale is 
observed to achieve a maximum value 
at a fraction void of about  0.70. T h e  in- 
tensity is noted t o  vary directly with par- 
ticle population although there are uncer- 
tainties at the limits. Fixed-bed values for 
scale and intensity mere estimated 
through a calculation bascd upon the 
random-walk model (5) .  

N O T A T I O N  

a = fluid-bed radius 
b = tracer-tube internal radius 
C 

C, 

D, = particle diameter 
D, = tube diarncter 
E = eddy diffusion coefficient = 

p / 2 t  
El .” .  = limiting value of eddy diffusion 

coefficient 
,To( ) = Bessel function of first kind, 

= concentration of diffusing ma- 

= mixed average concentration in 
terial 

column effluent 

__ 

zero order 
Q = source strength 

The  variation of scale and intensity r = d i a l  distance 
Re 
Ro 

SCALE A N D  INTENSITY 

with fraction solids for a fluidized bed of 
3-mm. particles is presented in Figure 18. 

= Reynolds number 
= correlation coefficient 

I I I 1 

4 
I F l X E D  BED 

0 . 4 1  

0 

/ ’ i  
/ 

/ 
/ o  

0 

I 1 I I I I 
0 01 0 2  0.3 0.4 0.5 0.6 

FRACTION SOLIDS ( I - € )  - 
Fig. 18. Scale and intensity of turbulence in water-fluidized bed of 3-mm. glass spheres as 
function of fraction solids; empty-tube values by experiment, fixed-bed values through 

calculation based on random-walk model. 

__ 
761 1 ~ ~ 1 2  

d?Z 1 diZIY 
s 
s = increment of time = tz - tl  
t = time 
U = fluid velocity assoriated with 

tracer material within fluidized 
bcd 

UAvo = average velocity over the  tube 
cross section within fluidized bed 

u = velocity component intdirection 
u = vclocity component in ydirection 
w = velocity component in z direction 
X = displacement in z clirection 
z = distance along z coordinate 
y = distance along ?/ coordinate 
z = distance in the direction of flow 
zo = intercept of xz vs. z limiting 

e = fractions void 
@,,a) = positive roots of Bessel function 

of first kind, first order. Divid- 
ing roots by a gives values of fin. 

= constant characteristic of a par- 
ticular turbulent system 

= XI + lJ2 + 22 

slope on z axis 

7 
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